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Abstract
Most studies of collective dephasing for bipartite as well as multipartite quantum systems have
considered a very specific orientation of magnetic field, that is, z-orientation. However, in practical
situations, there are always small fluctuations in stochastic field and it is necessary that more general
orientations of fields should be considered. Here, we investigate qubit-qutrit systems such that the
qubit part is exposed to a general orientation of magnetic field and the qutrit part has standard
σz dephasing operator. We study entanglement properties of various specific as well as random
quantum states under this general collective dephasing. We find that certain specific and random
quantum states exhibit freezing dynamics of entanglement. We analyze the asymptotic states and
find the conditions for having either sudden death of entanglement or freezing dynamics. We believe
our results are relevant for ion-trap experiments and can be verified with current experimental
setups.
PACS numbers: 03.65.Yz, 03.65.Ud, 03.67.Mn
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I. INTRODUCTION
Most realistic quantum systems are coupled to an environment that induces decoherence
and dissipation. The study of such open quantum systems with different environments is an
active area of research [1, 2]. The quantum part of correlations present in quantum states has
potential applications, not limited to remote state preparation [3], entanglement distribution
[4, 5], quantum metrology [6], quantum communication, and quantum computation [7].
Considerable efforts have been devoted to develop a theoretical framework for quantification
and characterization of quantum correlations [8, 9]. It is essential to analyze and simulate
the effects of decoherence and dissipation on quantum correlations. In last two decades,
detrimental effects of environment on quantum correlations have been studied extensively
for bipartite as well as multipartite quantum systems [10–23].
To realize protocols of quantum information and quantum computation, a large variety of
physical systems have been proposed and investigated. Electronic excitations of atoms and
molecules, ion-traps, nuclear magnetic resonances, quantum dots, superconducting quan-
tum interference devices, etc. [24]. Of all these possibilities, ion-trap approach seems to
be viable to realize quantum computer. In these experiments, ions/atoms are trapped in
electromagnetic fields and quantum computations are performed by quantum logic gates,
quantum measurements etc. [25–27]. The typical noise here is caused by intensity fluctua-
tions of electromagnetic fields which leads to collective dephasing process. The description
of collective dephasing normally take a special orientation of magnetic field, that is, along z-
axes, such that Hamiltonian describing the interaction contain the corresponding dephasing
operators. It is well known that decoherence degrades quantum correlations in general and
entanglement in particular. The effects of collective dephasing on entanglement and other
correlations have been investigated for bipartite and multipartite quantum systems [28–38].
Recently, the specific z-oriented fluctuations in magnetic field has been extended to an
arbitrary orientation for N noninteracting atomic qubits [39, 40]. The resulting decoherence
process can be called as general collective dephasing. It was shown that entanglement of
a specific two qubits state may first decay up to some numerical value before suddenly
stop decaying and maintain this stationary entanglement at all times [39, 40]. This non-
trivial feature of entanglement decay is named as freezing dynamics of entanglement [41],
where we found that specific quantum states of three and four qubits as well as most of
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the respective random states exhibit such dynamics under general collective dephasing. We
note that there are no decoherence free subspaces (DFS) under general collective dephasing
except z-oriented field. Freezing dynamics of entanglement has also shown to be present for
z-oriented fields having DFS. Recently, it was found that under collective dephasing, some
quantum states keep their entanglement locked. This peculiar phenomenon is termed as
time-invariant entanglement. Indeed, some eigenvalues of quantum states may change at
all times, however negative eigenvalues somehow are not function of decaying parameter,
so entanglement is fixed for whole dynamics. Time-invariant entanglement was initially
found for qubit-qutrit systems [33]. It has also been observed in experiments for qubit-
qubit systems [34]. We have studied this feature for multipartite systems and found no
evidence of it for three qubits. Interestingly, we observed time-invariant entanglement for
certain quantum states of four qubits [35]. In another study, we investigated entanglement
dynamics for qutrit-qutrit systems [37] without finding any time-invariant entanglement but
only freezing dynamics. For qubit-qutrit systems, we have shown that certain quantum states
exhibit either time-invariant or sudden death of entanglement but never freezing dynamics.
In addition, certain quantum states exhibit either freezing dynamics or sudden death but
never time-invariant dynamics [38]. In this work, we extend general collective dephasing to
qubit-qutrit system such that qubit is exposed to stochastic fields in an arbitrary orientation
~n, whereas qutrit is described by standard dephasing operator σz. We solve the system
completely and provide a master equation in differential form which can be solved straight
forwardly for any arbitrary initial quantum state. We study dynamics of entanglement for
various orientations of magnetic field both for specific quantum states and random states.
We also analyze quantum states at infinity and study entanglement properties of asymptotic
states. We find the conditions that lead to either sudden death of entanglement or freezing
dynamics.
We organize this paper in following way. We present mathematical model in section II and
provide a compact master equation for qubit-qutrit system such that the general solution of it
can be solved using any computer algebra system. We discuss the quantifier for entanglement
in section III. In section IV, we study dynamics of entanglement monotone for few specific
quantum states, some randomly generated quantum states, and asymptotic states. We offer
the summary in section V.
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II. MATHEMATICAL MODELLING OF GENERAL COLLECTIVE DEPHASING
A qubit may be realized by a two level atom and a qutrit with a three level atom. This
pair of atoms might share some quantum correlations caused by interaction in past and after
that they are separated to ensure no coupling between them and treated as independent.
However, they are allowed to interact with a noisy environment, collectively. The three level
atom can be realized either in V-type configuration, or in Λ-type configuration, or in cascade
configuration. The collective dephasing may appear due to coupling of atoms to stochastic
magnetic field B(t). The Hamiltonian for this system can be considered as time dependent.
As there are fluctuations in stochastic magnetic field B(t), hence the ensemble average over
it will lead to the decay parameter Γ. To our knowledge all previous studies on this problem
usually take z-oriented magnetic field. The theory for a general description of magnetic
fields in an arbitrary direction is not studied before for qubit-qutrit systems. We fill this
gap here and extend previous results by allowing an arbitrary orientation of magnetic field
on qubit part only. The Hamiltonian of the system (with ~ = 1) can be written as
H(t) = −µ
2
[
B(t)
(
~n · ~σA + σBz
) ]
,
= −µ
2
[
B(t)
(
nx σ
A
x + ny σ
A
y + nz σ
A
z + σ
B
z
) ]
, (1)
where µ is the gyro-magnetic ratio, ~n = nx xˆ + ny yˆ + nz zˆ, is a unit vector such that
|nx|2 + |ny|2 + |nz|2 = 1, σAi are standard Pauli matrices for qubit A and σBz is dephasing
operator for qutrit B. The stochastic function B(t) denote statistically independent classical
Markov processes and satisfy the following conditions:
〈B(t)B(t′)〉 = Γ
µ2
δ(t− t′) ,
〈B(t)〉 = 0 , (2)
where 〈· · · 〉 is ensemble time average, δ(t− t′) is delta function which vanished everywhere
except t = t′, and Γ denote the collective phase-damping rate.
The combined system-environment dynamics is given as
ρst(t) = U(t)ρ(0)U
†(t) , (3)
where ρst(t) is statistical density matrix for combined system. The unitary operator U(t) is
defined as
U(t) = exp
[
− i
∫ t
0
dt′H(t′)
]
, (4)
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and ρ(0) is the initial density matrix for combined system at t = 0. In this work, we do not
allow any initial correlations between qubit-qutrit system and environment, such that they
start with a product state, ρ(0) = ρS⊗ρR, where ρS is density matrix for qubit-qutrit system
and ρR is density matrix of environment. The density matrix for qubit-qutrit system alone
can be calculated by first taking ensemble average and then partial trace over the noisy
field. The time evolved density matrix of qubit-qutrit system can be obtained in several
ways. We prefer the master equation approach. In our recent work [38], we have provided
the detailed mathematical derivation on how to get a master equation. We follow the same
procedure and after considerable simplification, we get the master equation for qubit-qutrit
system given as
ρ˙(t) = −Γ
4
( ∑
i,j=x,y,z
ni nj
(
σAi σ
A
j ρ(t) + ρ(t) σ
A
i σ
A
j − 2 σAi ρ(t) σAj
)
−2
∑
j=x,y,z
nj
(
σAj ρ(t) σ
B
z + σ
B
z ρ(t) σ
A
j −
1
2
{ {σAj , σBz }, ρ(t)} )
+ { σBz σBz , ρ(t) } − 2 σBz ρ(t) σBz
)
, (5)
where {gˆ, hˆ} = gˆ hˆ + hˆ gˆ is anti-commutator defined for two operators. This is a simple
differential equation, which can be solved using any computer algebra system to give us the
most general solution. We have obtained the general solution but it is quite cumbersome to
present here. Nevertheless, we just mention that there are groups of four matrix elements
coupled together, like (ρ11(t), ρ14(t), ρ41(t), ρ44(t)), another (ρ22(t), ρ25(t), ρ52(t), ρ55(t)) etc.
For general collective dephasing (nx 6= 0, ny 6= 0, and nz 6= 0), there are no decoherence free
subspaces (DFS) [28] in this system. Another interesting property of the dynamics is the
fact that all initially zero matrix elements may not remain zero at later times. We note that
for z-orientation of magnetic field, that is, nx = ny = 0, and nz = 1, we recover the earlier
solution as a special case of our more general results.
In calculating above equation, we have defined the computational basis { |0, 0〉, |0, 1〉,
|0, 2〉, |1, 0〉, |1, 1〉, |1, 2〉 }, where the first basis is for qubit and second basis is for qutrit. We
have also ignored the subscripts A and B and used the notation |0〉⊗ |0〉 = |0 0〉 throughout
our work.
5
III. ENTANGLEMENT FOR QUBIT-QUTRIT SYSTEMS
The problem of quantum entanglement for Hilbert spaces with dimension 4 (qubit-qubit)
and 6 (qubit-qutrit) has been already worked out. Peres’s criterion states that for separa-
ble states the partial transpose with respect of any one of the subsystem has all positive
eigenvalues [42]. If a quantum state has at least one negative eigenvalue of its partially
transposed matrix then state is entangled. Peres’s condition is necessary and sufficient for
2⊗ 2 and 2⊗ 3 systems to be entangled. For higher dimensions of Hilbert space, there may
exist entangled states having positive partial transpose [43]. This criterion lead to a measure
of entanglement, negativity, defined as the sum of absolute values of all possible negative
eigenvalues [44]. For a given quantum state ρ, negativity is given as
N(ρ) = 2
( ∑
i
|ζi|
)
, (6)
where ζi are negative eigenvalues. The factor 2 ensures that for maximally entangled states
(e.g. Bell states), negativity may have numerical value 1. There are several other measures
of entanglement [43] but it is not known how to compute them for an arbitrary quantum
state except special case of qubit-qubit system.
For qubit-qutrit system, although it seems easy to compute negativity for a given state,
however, it is not possible in most cases to compute analytical expressions for negative
eigenvalues. The reason for this difficulty is due to large number of parameters in density
matrix. For example, in our current work we have at least two real parameters related with
orientation of magnetic field (ni), minimum of one or two parameters with initial quantum
states and a real parameter Γt related with decoherence. To find analytical eigenvalues of a
6× 6 matrix with 4 or larger parameters is a hard task even for a computer algebra systems
(CAS). Fortunately, the solution to this problem exists in literature. Recently, a powerful
technique has been worked out to detect and characterize entanglement [45]. The method
is to use positive partial transpose mixtures (PPT mixtures). This method was worked
out primarily to detect genuine entanglement for multipartite systems. The semidefinite
programming has been utilized to compute the measure efficiently and the optimality of
the solution can be certified. We have used the programs YALMIP and SDPT3, and a
ready-to-use implementation, all of these are freely available, for details, see [45]. In fact the
measure is shown to be an entanglement monotone for genuine multi-particle entanglement.
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For bipartite systems, it gives negativity [44].
IV. ENTANGLEMENT DYNAMICS OF SPECIFIC AND RANDOM QUANTUM
STATES
Being equipped with general solution for any arbitrary initial state and a way to compute
their entanglement, we now proceed to study how quantum states react to an arbitrary
magnetic field as compared with a special z-orientation. To this aim, we choose some specific
quantum states, which are well known in literature. We also generate random states and
study their behavior for various settings of ~n.
A. Dynamics of specific quantum states
Example 1. First we take quantum states with two real parameters α and γ defined for
2 ⊗ d quantum systems [46]. We choose these states here, because an arbitrary quantum
state ρ in 2 ⊗ d can be transformed to ρα,γ with the help of local operations and classical
communication (LOCC). For qubit-qutrit system, the states are given as
ρα,γ = α (|0 2〉〈0 2|+ |1 2〉〈1 2|) + β (|φ+〉〈φ+|+ |φ−〉〈φ−|
+|ψ+〉〈ψ+| ) + γ |ψ−〉〈ψ−| , (7)
where
| φ±〉 = 1√
2
( |0 0〉 ± |1 1〉 ) (8)
|ψ±〉 = 1√
2
( |0 1〉 ± |1 0〉 ) , (9)
and parameter β is dependent on α and γ by the unit trace condition,
2α+ 3 β + γ = 1 . (10)
From Eq. (7) one can easily obtain the range of parameters as 0 ≤ α ≤ 1/2, 0 ≤ β ≤ 1/3,
and 0 ≤ γ ≤ 1. We note that the states of the form ρ0,γ are equivalent to Werner states [47]
in a 2 ⊗ 2 quantum systems. Moreover, the states ρα,γ have the property that their PPT
(positive partial transpose) region is always separable [46].
Figure (1) depicts dynamics of entanglement for state ρα,γ(t) with five settings of ~n. We
have set the following values of parameters, α = 0.1, β = 0.1, and γ = 0.5. The solid (black)
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0.05
0.2
E(
,
 
 
(t)
)
 n = 1/sqrt(6) * (2,1,1)
n = (1, 0, 0)
n = 1/sqrt(2) * (0, 1, 1)
n = 1/sqrt(3) * (1, 1, 1)
n = (0, 0, 1)
FIG. 1. Entanglement monotone E(ρα,γ(t)) is plotted against parameter Γ. It can be seen that for
all settings of magnetic field, entanglement is lost at finite times. See text for details.
line is for z-orientation of magnetic field. As we can see that even in this case, the states loose
their entanglement at Γt ≈ 2.76 hence undergoing sudden death. All other orientations of
magnetic field have even more adverse effect on entanglement as sudden death is hastened
to earlier times. In next section, we analyze asymptotic states and clearly demonstrate
that these states must exhibit sudden death of entanglement for an arbitrary orientation of
magnetic field. Therefore, these states are quite fragile under general collective dephasing.
Example 2. We define a single parameter class of states as the mixture of two maximally
entangled states. The states are given as
ρα = α |ψ3〉〈ψ3|+ (1− α) |ψ2〉〈ψ2| , (11)
where 0 ≤ α ≤ 1, the maximally entangled state |ψ2〉 is defined as
|ψ2〉 = 1√
2
(|0 1〉+ |1 2〉) , (12)
and another maximally entangled state |ψ3〉 is defined as
|ψ3〉 = 1√
2
(|0 2〉+ |1 0〉) . (13)
In Ref.[38], we have studied this state for only z-orientation of magnetic field and have found
that in this mixture |ψ2〉 decay, whereas |ψ3〉 lives in decoherence free subspace. We have
also observed freezing dynamics of entanglement for various values of parameter α [38].
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       = 0.3
FIG. 2. Entanglement E(ρα(t)) is plotted against parameter Γt with various settings of ~n. We have
taken a specific value of parameter α = 0.3. We can see that entanglement is lost at finite time for
nx = 1, and ny = nz = 0. For other settings, read the text for details.
Figure (2) shows entanglement monotone plotted against parameter Γt for various settings
of ~n with a specific value of parameter α = 0.3. The solid (black) line denote entanglement
for z-orientation of magnetic field as we have already observed in a previous study, leads
to freezing dynamics of entanglement. The setting ~n = (1, 0, 0) turns out to be most de-
structive and leads to entanglement sudden death at Γt ≈ 2.27. As we demonstrate in next
section, solid (black) line, dashed-dotted (blue) line, and dashed (red) line corresponds to
freezing dynamics of entanglement, whereas dotted (green) line leads to sudden death of
entanglement for the current choice of α = 0.3. However, we find that if α > 0.337, the
dotted (green) curve can exhibit freezing dynamics of entanglement. Only for ~n = (1, 0, 0),
the states exhibit sudden death of entanglement for all values of α. Hence we observe that
freezing dynamics is a common phenomenon here.
Example 3. As another example, we first define a single parameter class of states given
as
ρ˜α = α |ψ1〉〈ψ1|+ 1− α
6
I6 , (14)
where I6 is 6 × 6 identity matrix and 0 ≤ α ≤ 1. In this equation, the pure state |ψ1〉 is
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FIG. 3. Entanglement monotone for an initial state ρα,β(t) is plotted against decay parameter Γt
for various values of parameter ~n. We have taken α = 0.4 and β = 0.7. It can be seen that in one
choice we get time-invariant entanglement, in another choice, we get sudden death of entanglement
and in three other choices, we get freezing dynamics of entanglement.
another maximally entangled state as
|ψ1〉 = 1√
2
(|0 0〉+ |1 2〉) . (15)
Such states are called isotropic states and they are NPT for 1/4 < α ≤ 1, and hence
entangled. We can now define a two parameter family of states, which are mixture of
isotropic states and |ψ3〉, given as
ρα,β = β |ψ3〉〈ψ3|+ (1− β) ρ˜α , (16)
where 0 ≤ β ≤ 1. In Ref.[38], we have observed time-invariant entanglement for this state.
Here we want to study how these states change their entanglement under more general
collective dephasing.
In Figure (3), we plot entanglement monotone against decay parameter Γt for various
choices of parameter ~n. We have taken specific values of parameters α = 0.4 and β = 0.7.
For nx = ny = 0, and nz = 1, solid (black) line clearly reflects time-invariant entanglement
as we have observed earlier [38]. We observe that for ny = nz = 0, and nx = 1 starred (pink)
line leads to sudden death of entanglement at Γt ≈ 0.9. Once again this specific orientation
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of magnetic field seems to be most destructive for entanglement. Another interesting feature
is the appearance of freezing dynamics of entanglement for other three settings of ~n. We
can see that dashed-dotted (blue) line, dashed (red) line, and dotted line lead to freezing
dynamics of entanglement. We can analyze asymptotic quantum states as done in next
section and based on the eigenvalues of the partially transposed matrix, we can completely
understand the behavior of entanglement dynamics for these states.
B. Dynamics of random states
In order to compare entanglement dynamics of specific quantum states with generic states,
we first generate 100 random pure states for qubit-qutrit systems. A state vector for qubit-
qutrit systems, randomly distributed according to the Haar measure can be generated in the
following way [48]: First, we generate a vector such that both the real and the imaginary
parts of the vector elements are Gaussian distributed random numbers with a zero mean
and unit variance. Second we normalize the vector. It is easy to prove that the random
vectors obtained this way are equally distributed on the unit sphere [48]. Note that the
random pure states, which we generate in the global Hilbert space of dimension 6, so the
unit sphere is not the Bloch ball.
After generation of 100 random pure states, we find their time-evolved density matrices
interacting with general collective dephasing and compute negativity using PPT-mixture
package [45], for each state against parameter Γt . From this data we can also obtain an
error estimate to indicate the reliability of the measure. This can, for instance, be defined
as a confidence interval [20]
CI = µ ±
√
δ , (17)
where µ stands for mean value and δ for variance of quantity being measured.
In Figure (4), we plot entanglement monotone against dimensionless parameter Γt for
100 initial random pure states. In 4(a), we take nx = 2/
√
6 and ny = nz = 1/
√
6, whereas
for 4(b), we define nx = 1, and ny = nz = 0. Similarly, Figure (5) depicts entanglement
monotone E(ρ(t)) for another 100 initial random pure states against parameter Γt. In part
5(a), we take nx = 0, and ny = nz = 1/
√
2, whereas in 5(b), we define nx = ny = nz = 1/
√
3.
In both figures, the thick dashed (red) line denote average entanglement of these random
11
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FIG. 4. Entanglement monotone is plotted against parameter Γt for 100 random states. For (a) we
take nx = 2/
√
6, ny = nz = 1/
√
6 and for (b) we define nx = 1, ny = nz = 0. See text for details.
states. The thick dashed-dotted (blue) lines denote the confidence interval (CI) as defined
above. Top thick dashes-dotted line represents the sum of mean value and variance, whereas
below line denote the difference between mean value and variance. We see that the error
estimation is similar above and below, which is good indicator of the reliability of measure.
All of the figures above can be explained by looking closely at the mathematical structure
of the solution of master equation. First, we notice that some states loose their entangle-
ment at finite time and then remain separable onwards. Another feature which is obvious
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z
 = 1/sqrt(3);
FIG. 5. Entanglement monotone is plotted against parameter Γt for 100 random states. In (a) we
take nx = 0, ny = nz = 1/
√
2 and for (b) we define nx = ny = nz = 1/
√
3. See text for details.
is preservation of entanglement for very long times and we also see freezing dynamics of
entanglement for many states. Looking at the solution of master equation, we can actually
predict and understand these various kind of entanglement dynamics. The general solution
suggests that we can analyze the quantum states at infinity. By taking Γt→∞, we obtained
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asymptotic states given as
ρ(∞) =


̺11 0 ̺13 ̺14 0 ̺16
0 ̺22 0 0 ̺25 0
̺31 0 ̺33 ̺34 0 ̺36
̺41 0 ̺43 ̺44 0 ̺46
0 ̺52 0 0 ̺55 0
̺61 0 ̺63 ̺64 0 ̺66


, (18)
where ̺ij are function of parameters nk and initial density matrix elements ρqr. We noticed
that for the special case of z-oriented field, that is, nx = ny = 0, and nz = 1, we have
all off-diagonal elements equal to zero except ̺34 and ̺43. Therefore we recover the earlier
results. For two other special orientations, (nx = 1, ny = nz = 0) and (ny = 1, nx = nz = 0)
and in general for nx 6= ny 6= nz 6= 0, we have all ̺ij as non-zeros. Hence there are no
decoherence free subspaces for general collective dephasing. This structure already suggest
the possibility of entangled states at infinity.
We can identify the set of entangled states which must exhibit sudden death of entangle-
ment. For other entangled states, we may get either freezing dynamics or sudden death of
entanglement. Let us first write the various entangled pure states in Schmidt decomposition
|Φ1〉 = α1 |0 0〉 ± β1 |1 2〉 , (19)
|Φ2〉 = α2 |0 0〉 ± β2 |1 1〉 , (20)
|Φ3〉 = α3 |0 1〉 ± β3 |1 2〉 , (21)
|Φ4〉 = α4 |0 1〉 ± β4 |1 0〉 , (22)
|Φ5〉 = α5 |0 2〉 ± β5 |1 0〉 , (23)
|Φ6〉 = α6 |0 2〉 ± β6 |1 1〉 . (24)
It should be mentioned here that an arbitrary pure state for qubit-qutrit system can be
written as [49]
|Φ〉 = (UA ⊗ UB)
(
α |0 0〉+
√
1− α2 |1 1〉 ) , (25)
where UA and UB denote transformations from the computational basis to the Schmidt basis
on qubit and qutrit, respectively. A close examination of asymptotic states suggest that any
mixed quantum state which has entangled states |Φ2〉 (Eq. 20), |Φ3〉 (Eq. 21), |Φ4〉 (Eq. 22),
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and |Φ6〉 (Eq. 24) as a dominant fraction in it, necessarily exhibit entanglement sudden
death. Whereas mixed states with large fractions of states |Φ1〉 (Eq. 19) and |Φ5〉 (Eq. 23)
can lead to either sudden death of entanglement or freezing dynamics of entanglement.
We also note that |Φ2〉 and |Φ4〉 are related with each other by a local switch on qutrit
alone. Similar relation is also between |Φ3〉 and |Φ6〉 and also between |Φ1〉 and |Φ5〉. We
demonstrate below that under general collective dephasing asymptotic entangled states may
exist.
As our specific example 1 has |Φ2〉 (Eq. 20) and |Φ4〉 (Eq. 22) in it with αi = βi = 1/
√
2,
so we must have sudden death of entanglement for all orientations of magnetic field. This
is precisely what we observed in Figure (1).
Our example 2 is defined as mixture of |Φ3〉 and |Φ5〉 with specific αi = βi = 1/
√
2 so
we get either sudden death of entanglement or freezing dynamics depending upon different
settings of ~n. For ~n = (0, 1/
√
2, 1/
√
2), we have only one possible negative eigenvalue for
asymptotic state, given as
η1 =
1
16
{
(2− 3
√
2)α− (2 +
√
2)
(−1 +
√
1 + α(5α− 2))} . (26)
This eigenvalue is found to be negative for α > 0.15. Therefore, dashed-dotted (blue) line
in Figure (2) represents freezing dynamics of entanglement. For ~n = 1/
√
3(1, 1, 1), the only
possible negative eigenvalue at infinity is given as
λ1 =
1
24
{
3 +
√
3− 3α(−1 +
√
3)
−
√
6(2 +
√
3)
√
1− 2α+ 5α2)} . (27)
This eigenvalue is found to be negative for α > 0.224. Hence the dashed (red) line in
Figure (2) also show freezing dynamics of entanglement. For ~n = 1/
√
6(2, 1, 1), we found
that the only possible negative eigenvalue at infinity is given as
δ1 =
1
48
{
6 +
√
6− 3α(−2 +
√
6)
−
√
6(7 + 2
√
6)
√
1− 2α + 5α2)} . (28)
This eigenvalue is negative for α > 0.337. As we have taken α = 0.3 for Figure (2), so we
note that dotted (green) line decays and represent sudden death of entanglement. Similar
for ~n = (1, 0, 0), we found no negative eigenvalues which means necessarily sudden death
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of entanglement for all values of α. For ~n = (0, 0, 1), we have already observed freezing
dynamics of entanglement [38].
Example 3 is mixture of |Φ1〉 with α1 = β1 = 1/
√
2 and |Φ5〉 with α5 = β5 = 1/
√
2.
Therefore, we may get either sudden death of entanglement or freezing dynamics depending
upon orientation of magnetic field. We note that time-invariant entanglement can only occur
for special orientation of ~n = (0, 0, 1). It is simple to check the possible negative eigenvalues
for the respective asymptotic state and discuss the dynamical behavior. We can also find
the eigenvalues for each random state at infinity and check their entanglement properties in
a similar fashion.
V. CONCLUSIONS
We have extended the previous studies on collective dephasing of qubit-qutrit systems
from a specific orientation of magnetic field to an arbitrary orientation. The usual z-oriented
magnetic field give rise to decoherence free subspaces (DFS), whereas general collective de-
phasing have no such spaces. We have considered our qubit interacting with stochastic fields
oriented in an arbitrary direction dictated by ~n. We have obtained a master equation and
its solution for an arbitrary initial quantum state. Using a computable entanglement mono-
tone, it is possible for us to study dynamics of quantum entanglement or any other quantum
correlations for specific quantum states as well as for random states. As we studied recently,
entanglement in general has three non-trivial types of dynamics, namely, time-invariant en-
tanglement, sudden death of entanglement, and freezing dynamics of entanglement. It has
been observed that for qubit-qubit systems interacting with general directions of magnetic
field [39], one can find freezing dynamics of entanglement instead of specific z-direction
where we can also find time-invariant feature. In this work, we have seen that for all specific
quantum states, general collective dephasing degrades entanglement more than specific z-
oriented field. Even for quantum state exhibiting time-invariant entanglement under specific
z-oriented magnetic field, we get either sudden death of entanglement or freezing dynamics
of entanglement. We have also studied statistics of entanglement dynamics for random states
for various settings of magnetic field ~n. We have found that very few random states exhibit
sudden death of entanglement for general orientations. In all orientations of magnetic field,
majority of random states exhibit freezing dynamics of entanglement. We have been able
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to find most general asymptotic quantum states in terms of parameters ni and the initial
density matrix elements. This knowledge can conclusively explain the dynamics of entan-
glement for any arbitrary orientation of magnetic field. As many experiments are already in
quite advanced stage for ion-traps, where this kind of noise is dominant, we believe that our
study is relevant to such experiments and these observations can be readily demonstrated.
Future avenues could be to develop theoretical models for general collective dephasing for
high dimensional quantum systems.
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